Mathematica 11.3 Integration Test Results

Test results for the 263 problems in "6.3.7 (d hyper)"m (a+b (c
tanh)"n)"p.m"

Problem 7: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bTanh[c+dx]?) dx

Optimal (type 3, 51leaves, 4 steps):
(a -2 b) ArcTanh[Cosh[c+dX]] aCoth[c+dx] Csch[c+dx] bSech[c+dx]

- +

2d 2d d

Result (type 3, 123 leaves):

aCsch[% (c+dx)]2 ) aLog[Cosh[% (c+dx)]] ) bLog[Cosh[% (c+dx)]]

8d 2d d
aLog[Sinh[%(c+dx)H bLog[Sinh[%(Cerx}H aSech[i<c+dx)]2 bsech[c +dx]

+ - +

2d d 8d d

Problem 26: Result unnecessarily involves imaginary or complex numbers.
J Sinh[c+dx]3

a+bTanh[c+dx]?

dx

Optimal (type 3, 75leaves, 4 steps):

/ /b Sech[c+dx
avb Ar'cTanh[ Jarb ] aCosh[c+dx] Cosh[c+dx]3
- +

(a+b)®?d (a+b)*d 3(a+b)d

Result (type 3, 135leaves):

— 121 a+b
12 (a+b)>'%d
~iva+b -+a Tanh[% (c+dx)] ~iva+b ++a Tanh[% (c+dx)]
ArcTan | 2 | +ArcTan| 2
Vb Vb

3(3a-b)Va+b Cosh[c+dx]+ (a+b)>?Cosh[3 (c+dx)]



2 | Mathematica 11.3 Integration Test Results for 6.3.7 (d hyper)~m (a+b (c tanh)”n)”p.nb

Problem 28: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinh[c +dXx]

a+bTanh[c+dx]?

dx

Optimal (type 3, 53 leaves, 3 steps):

b Sech[c+d
\/FAr*cTanh[3L[—L;+bC XL ] Coshic +dx]

,
(a+b)*?d (a+b)d

Result (type 3, 107 leaves):

— 1t  |ive
(a+b)>?*d
~iva+b -+a Tanh[?2 (c+dx)] -iva+b ++a Tanh[% (c+dx)]
ArcTan | 2 | +ArcTan| 2 RE
Vb Vb
\Va+b Cosh[c+dx]

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c +dx]
J dx

a+bTanh[c+dx]?
Optimal (type 3, 55leaves, 4 steps):
Vb ArcTanh]| m‘“—"”—]

a+b

ArcTanh[Cosh[c +d x]]
ad ava+b d
Result (type 3, 135leaves):

. 1
. i \/FAr‘cTan [ -1 \/a+7b—\/a7Tanh{; (c+d x)] ]

S o )
ad a+b

. —Ji\/HM/:Tanh“—(udx)

i \/FAr'cTan[ & w ]

— 7Log[Cosh[§(c+dx)H+Log[Sinh[§(c+dx)]]

Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Cschic+dx]3
J dx

a+bTanh[c+dx]?
Optimal (type 3, 85leaves, 5steps):

Ja+b 2/b Sech[crdx]
(a+2b) ArcTanh[Cosh[c +dx] ] Vb Va+b ArcTanh| 5 ] Coth[c +dx] Csch[c+dx]

2a%d a%d 2ad

Result (type 3, 198 leaves):

-iva+b -+/a Tanh[2 (c+dx)]
8i+vb Va+b Ar‘cTan[ 2 ]+

b
~iva+b ++a Tanh[% (c+dx)]
Sj\m\/a+b Ar‘cTan[ \f 2 ]+
b

(c+dx)]2—4aLog[Cosh[% (c+dx)]] —8bLog[Cosh[§ (c+dx)]]+

1
8a%d

aCsch|

N |

4aLog[Sinh[§ (c+dx)]] +8bLog[Sinh{% (c+dx)]] +aSech[§ (c+dx>]2

Problem 34: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J( dx

a+bTanh[c+dx]2)2

Optimal (type 3, 124 leaves, 5steps):

Vb Sechlc+dx]
(3a-2b) Vb ArcTanh[*® Se:bc L] (a-b) Cosh[c+dx]
- +

2 (a+b)’2d (a+b)’d
Cosh[c+dx]3 abSech[c+dx]

+

3(a+b)?d 2 (a+b)>d (a+b-bSech[c+dx]?)

Result (type 3, 160 leaves):

1 ;Gi(Ba—Zb)\/F
12d (a+b)7/2
-i1+va+b —\/;Tanh[l (c+dx>] ~i+/a+b +\5Tanh[l <c+dx)]
Ar‘cTan[ 2 ]+Ar‘cTan[ 2 ] +
Vb Vb
3 Coshc+dx] (5b+a (_3+ a-bs (a+h) c:::h[z (c+dx) ] )) Cosh|3 (c+dx) |
+

(a+b)3 (a+b)2
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Problem 36: Result unnecessarily involves imaginary or complex numbers.

dx
2

J Sinh[c +d x]
(a+bTanh[c+dx]?)

Optimal (type 3, 92 leaves, 4 steps):

+/b_sech[c+dx]
3b ArcTanh| b ] 3Cosh[c+dx] Cosh[c +dx]
+

2 (a+b)*>'*d 2(a+b)>d 2 (a+b)d(a+b-bSech[c+dx]?)

Result (type 3, 133 leaves):

R )
2d <a+b)5/2
—i+a+b —\/?Tanh[l (c+dx)] ~i+/a+b +\/?Tanh[l (c+dx) ]
ArcTan | 2 | +ArcTan| 2 1+
Vb Vb
2 Cosh[c +dx] (1— b )
a-b+ (a+b) Cosh[2 (c+dX)]

<a+b)2

Problem 37: Result unnecessarily involves imaginary or complex numbers.

Cschc+dx]
J( dx

a+bTanh[c+dx]2)2

Optimal (type 3, 103 leaves, 5steps):
ArcTanh[Cosh[c +d x]]
- +

a’d
+/b Sech[c+dx]
Vb (3a+2b) ArcTanh| bsjz%cdx ] bsechc+dx]
.
2a2(a+b)3/2d 2a(a+b)d(a+b-bSech[c+dx]?)

Result (type 3, 188leaves):
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-i+/a+b 7\/?Tanh[§7 (c+dx)w ]

i\/?(3a+2b)Ar‘cTan[ =

1
2a2d <a+b)3/2

+

ivb (3a+2b) ArcTan]|

—imMETanh“—(mdxw
Vb ]+ 2abCosh[c+dx] -
(a+b)*? (a+b) (a-b+ (a+b) Cosh[2 (c+dx)])

2Log[Cosh[§ (c+dx)]] +2Log[Sinh[§ (c+dx)]]

Problem 39: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]3
J dx
(

a+bTanh[c+dx]2)2

Optimal (type 3, 141 leaves, 6 steps):
Vb (3a+4b) ArcTanh [ Yb-Sechiczdx] |

a+b

2a%d 2a3/a+b d

Coth[c +dx] Csch[c +dXx] b Sech[c +dx]

2ad (a+b-bSech[c+dx]?) a?d(a+b-bSech[c+dx]?)

(a+4b) ArcTanh[Cosh[c+dx]]

Result (type 3, 314 leaves):

7;11\/F<3a+4b)

2a®+a+b d

Ar‘cTan[%Sech[% (c+dx” (—jm/a+b Cosh[% <c+dx)] —\/?Sinh[i <c+dx)] ] -
;1W<3a+4b) Ar‘cTan[L

2a®+a+b d Vb

Sech[% (c+dx)] [—j\/a+b Cosh[i (c+dx)] +\/?Sinh[§ (c+dx)]|] -

b Cosh[c +dx] 7Csch[i(c+dx)]2+
a’d (a-b+aCosh[2 (c+dx)] +bCosh[2 (c+dX)]) 8a2d

(a+4b) Log[Cosh[i (c+dx)]]

+

2a3d
(-a-4b) Log[Sinh[% (c+dx)]] Sech[% (c+dxH2

2a3d 8a%d
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Problem 42: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J dx
(

a+bTanh[c+dx]2)3

Optimal (type 3, 166 leaves, 6steps):
5(3a-4b) \/FAr'cTanh[Mf“—de]

- (afzb) Cosh[c+dx] Cosh[c+dx]3
- + +
8 (a+b)*?d (a+b)*d 3(a+b)’d
abSech[c+dx] (7a-4b) bSech[c+dx]

+

4 (a+b)’d(a+b-bSech[c+dx]?)* 8 (a+b)*d (a+b-bSech[c+dx]?)

Result (type 3, 227 leaves):

1 ¥151(3a—4b)ﬁ
24d (a+b)9/2
7]1\/a+b7\/?Tanh[l(c+dx)] —iva+b +\5Tanh[l(c+dx)]
ArcTan | 2 | +ArcTan| 2 -
Vb Vb

(6Coshic+dx] (3a®-24a%b+30ab?-13b%+ (6a’-27a%b-11ab?+22b*) Cosh[2 (c+dx)] +
3(a-3b) (a+b)?Cosh|2 (c+dx)]2>)/

2Cosh|[3 (c+dXx) |
(a+b)?

((a+b)4 (a-b+ (a+b) Cosh|2 (c+dx”)2) +

Problem 44: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c +d x]
(a+bTanh[c+dx]2)3

dx

Optimal (type 3, 126 leaves, 5 steps):

Vb Sech[c+dx
15/b ArcTanh| - ] 15 Cosh[c + d X]

— + —

8 (a+b)’*d 8 (a+b)’d
Cosh[c +dx] 5Cosh[c +dx]

4(a+b)d(a+b-bSech[c+dx]2)? 8 (a+b)®d(a+b-bSech[c+dx]?)

Result (type 3, 157 leaves):
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1 1
—|-—————15i+b

8d (a+b)7/2

—i+a+b —\/?Tanh[l (c+dx)] ~i+/a+b +\/?Tanh[l (c+dx) ]
ArcTan | 2 | +ArcTan| 2 1+
Vb Vb
2Cosh[c +dx] (4— 4b? - b )
(a-b+ (a+b) Cosh[2 (c+dx)])? a-b+ (a+b) Cosh[2 (c+dx)]

(a+b)3

Problem 45: Result unnecessarily involves imaginary or complex numbers.

Csch[c +dx]
J ax
(a+bTanh[c+dx]2)3

Optimal (type 3, 156 leaves, 6 steps):
Vb (15a2+20ab + 8b?) ArcTanh | [bsechic=dxl |

ArcTanh[Cosh[c +dx] ] s
- + +
a’d 8a* (a+b)*>?d
bSech[c +dx] b (7a+4b) Sech[c+dx]

+

4a(a+b)d (a+b—bSech[c+dx12)2 8 a2 (a+b)2d (a+b-bsSech[c+dx]?)

Result (type 3, 249 leaves):
-i+/a+b -+/a Tanh {; (c+d x)]

1 |iVb (15a2+28ab+8b?) ArcTan| = ]+
8a’d (a+b)>?
. ~i+/a+b ++/a Tanh §(c+d X)
ivb (15a%+20ab+8b?) ArcTan| = { ]} )
(a+b)5/2
8 a2 b2 Cosh[c+dx] 2ab(9a+4b) Coshlc+dx]

+ —

(a+b)2 (a-b+ (a+b) Cosh|2 <c+dx)])2 (a+b)2 (a-b+ (a+b) Cosh[2 (c+dx)])

8 Log|[Cosh|

N |

(c+dx)]] +8Log[sinh|

N |

(c+dx)]]

Problem 47: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Csch[c+dx]3
(a+bTanh[c+dx]?)
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Optimal (type 3, 196 leaves, 7 steps):
(a+6b) ArcTanh[Cosh[c +d x] ]

2a*d
2 2 b Sech[c+dx
Vb (15a2+40ab+24b )Ar‘cTanh[Lﬁb ] Cothlc+dx] Cschlc s dx]
8a* (a+b)¥?d 2ad (a+b-bsSech[c+dx]?)?
3bSech[c+dx] b (11a+12b) Sech[c +dx]

42a%d (a+b—bSech[c+dx]2)2_8a3 (a+b) d (a+bbeeCh[C+dX]2>

Result (type 3, 401 leaves):
1

-————————i/b (15a*+40ab+ 24 b?)
8 a* (a+b)3/2d

1 1
ArcTan| ——Sech |~

Vb 2

ivb (15a%+40ab+24b?)

(c+dx) ] (ﬂimmsh[% (c+dx)] 7\ESinh[§ (c+dx)]|]-

1
8 a* (a+b)3/2d

1 1
ArcTan|[ ——Sech[ =~

= 2(c+dx)][ﬂimmsh[%(c+dx”+x/?51nh[§(c+dx”

} _

b2 Cosh[c +d x]

+

a’ (a+b)d(a-b+aCosh|[2 (c+dx)|+bCosh[2 (c+dx”>2
-9abcCosh[c+dx] -8b2Cosh[c+dx]

4a®(a+b)d(a-b+aCosh[2 (c+dx)]+bCosh[2 (c+dx)])

Csch[i (cvdx)]? ) (a+6b) Log[Cosh[i (c+dx)]] )

8a3d 2a%d
(-a-6b) Log[Sinh[i (c+dx)]] _Sech[i (c+dx”2

2a*d 8a3d

Problem 73: Result is not expressed in closed-form.

Sinh[c+dx]*
J dx

a+bTanh[c+dx]3

Optimal (type 3, 491 leaves, 11 steps):
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al/3-2b%/3 Tanh[c+d x] ]

a3 bl/? (a2 +3a%3b?/3 - b2) ArcTan|

— \Eal/a -
\/? (a4/3+32/3 p2/3 +b4/3)3d
3a(a-5b) Log[1-Tanh[c+dx]] 3a(a+5b)Log[l+Tanh[c+dx]] 1
. _
16 (a+b)>d 16 (a-b)>d 3 (a?-b2)°d
a*?b'? (a*+7a%b? + b*+32*2b*3 (2a% + b?)) Log[a'? + b3 Tanh[c+dx] | + ;a”3
6 (a2-b?)°d

b3 (a*+7a%b® + b*+3a*?b*3 (2a%+ b?)) Log[a?® - a3 b3 Tanh[c + dx] + b?? Tanh[c + d x]?] -

a’b (a?+2b?) Log[a+bTanh[c+dx]?] 1

+

(a27b2)3d 16(a+b)d(1—Tanh[c+dx])2

5a-b 1 5a+b
+

16 (a+b)?d (1-Tanh[c+dx]) 16 (a-b)d (1+Tanh[c+dx])?

16 (a-b)?*d (1+Tanh[c+dx])

Result (type 7, 645leaves):
1

9 (a-b)* (a+b)>d

a-b+3anl+3bHl+3an1?-3bn12+an1d+buldg,

-32abRootSum|

1

a-b+2anl+2bnl+anl?-bol?
(-6a*c-12ab*c-6a’dx-12ab’dx+3a’Log[e® <9 -ul] +6ab”Log|e” (9% —ni] -
8alcrl+4a’bcrl+8ab’crl-4b3cn1-8adxnl+4a’bdxhl+
8ab’dxnl-4b>dxul+4a®Llog|e’ 9% —ni] nl-2a’blog|e® (<9 —m1]|ml-
4ab’Logle® (9% —n1] 11 +2b> Log[e? "9 —n1] n1-10a%cnl?+20a’bcul? -
20ab?cH1?+4b3cn1?2-10a%dxH1?2+20a’bdxn12-20ab%dx =12 +
4b*dxn1%+5a%Logle? (9% —n1] 512 -10a%b Log[e? (') —n1] 1%+
10ab’Log|e® (“*9% —nu1] 112 - 2b’ Log[e? (<9 —n1] m1?) &] +
3 (4b (5a®>+5a’b+ab?+b?) Cosh[2 (c+dx)] - (a-b) b (a+b)?Cosh[4 (c+dx)] -
8a(a’+a’b+2ab’+2b’) Sinh[z (c+dx” +
a(a-b) (12 (a?-6abs5b?) (crdx)+ (a+b)sinh[a (c+dx>”))

Problem 75: Result is not expressed in closed-form.

dx

J Sinh[c+dx]?

a+bTanh[c+dx]3

Optimal (type 3, 384 leaves, 11 steps):
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1/3_9p1/3
a?/?bl/3 (a2 - 3a%/3b%3 + 2b2) ArcTan | =20 —Tanhicdxl ]

J3 al (a-2b) Log[1-Tanh[c+dx]]

V3 (a2-b2)%d + 4(a+b)?d _

(a+2b) Log[1+Tanh[c+dx]] a*3b'3 (a?+3a%3b*3+2b?) Log[a®/?+DbY/?Tanh[c+dx] |
4 (a-b)?d ) 3 (a2 - b?)2d )
- a*?b'? (a?+3a*2 b3+ 2b?) Log[a®® - a2 b3 Tanh[c + dx] + b?? Tanh[c +d x]?] +
6 (a2-b?)*d
b (2a%+b?) Log[a+bTanh[c+dx]?]
3 (a2-b2)%d '
1 1

4 (a+b)d(1-Tanh[c+dx]) 4 (a-b)d(1+Tanh[c+dx])

Result (type 7, 423 leaves):
1
12 (a-b) (a+b)*d
4bRootSum[a-b+3anl+3bml+3anl?-3bul?+ani®+bul’g,
1

6 (a>-3ab+2b?) (c+dx) +3b (a+b)Cosh[2 (c+dx) ]+

(4a>c+2b’c+4a’dx+2b*dx-2a’Log[e® (9% —nu1] -
a-b+2anl+2bnl+anl?-bnl?

b? Log[e? (“*9% —n1] +4a’cnl-4b?crl+4a’dxnl-4b>dxHl -
2a?Log[e? (' — 1] #1+2b? Log[e? ("9 —n1|n1+8a’cnl®-8abcml?+
2b2cH1?+8a’dxH1?-8abdxm1? +2b>dx 12 -4a% Log[e? (<9 —n1] n1? +

4ablog[e? <9 —u1] n1® - b’ Log[e® (9% —n1] u1?) &] -3a (a+b) Sinh[2 (c+dx) |

Problem 78: Result is not expressed in closed-form.

Csch[c+dx]?
J dx

a+bTanh[c+dx]3

Optimal (type 3, 157 leaves, 8 steps):

1/3 al/3-2 b2 Tanh[c+d x]
b'/? ArcTan [ Y ] Coth[c+dx] bY3Log [a1/3 +b¥3 Tanh[c +dx] }
Y _ + _
4/3 a%/3d ad 3a3%/3d

b'/3 Log[a?/? - al/2 b'/3 Tanh[c + d x] + b2/? Tanh[c + d x] 2]

6a4/3 d

Result (type 7, 190 leaves):

1
- (3Coth[c+dx] +2bRootSum[a-b+3anl+3bnl+3anl?-3bnl®+anl®+bnl’g,
3ad

(-c-dx-Log[-Cosh[c+dx] -Sinh[c+dx] +Cosh[c+dx] a#l-Sinh[c+dx]=l] +cHl+
dxtl+ Log[-Cosh[c+dx] -Sinh[c+dx] +Cosh[c+dx] #1-Sinh[c+dx] #1] 111)/
(a+b+2anl-2bul+anl®+bul?) &)
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Problem 80: Result is not expressed in closed-form.

Cschic+dx]*
J dx

a+bTanh[c+dx]?

Optimal (type 3, 215leaves, 12 steps):

1/3 al/3-2b%/2 Tanh[c+d x]
b%/3 ArcTan | - ] Cothrc s d
V3 ab Lo [c+dX]

\/?a“”d ad

Coth[c+dx]3 blog[Tanh[c+dx]] b'?Log[al’?+b¥3Tanh[c+dx] |

+

3ad a’d 3a%3d
b'/3 Log[a?/? - a1/ b'/3 Tanh[c + d x] + b?/> Tanh[c +d x]2| blog|a+bTanh[c+dx]3]
+

6a%3d 3a%d

Result (type 7, 322 leaves):

; (-acCoth[c+dx] (-2+Csch[c+dx]?) +3b (c+dx-Log[Sinh[c+dx]]) +
3a-d

bRootSum[a-b+3anl+3bul+3anl?-3bnl?+anl®+bnl®y,
(-2ac+2bc-2adx+2bdx+alog|e®“®) —ni] -blog[e® ¥ -u1] -8acwul-
4bcnl-8adxml-4bdxnl+4alog|e’ 9% —ni] nl+2blog|e® (9% —nl] nl+
2acu1?+2bcnl?+2adxn1?+2bdxn1? - aLlog|e? (9% —n1| n1? -
blog[e? <9 —u1]u1?) /(a-b+2anl+2bul+anl®-bul®) &)

Problem 104: Result more than twice size of optimal antiderivative.

JSech[c+dx]4 (a+bTanh[c+dx]?)°dx

Optimal (type 3, 102 leaves, 3 steps):
a®Tanh[c+dx] a*(a-3b) Tanh[c+dx]>
d 3d
3a(a-b)bTanh[c+dx]® (3a-b)b?Tanh[c+dx]’ b3Tanh[c+dx]°

5d 7d 9d

Result (type 3, 218 leaves):
1

20160 d
(5775a° - 16712’ b + 621 ab” - 725 b> + 10 (903 a° - 633’ b - 27 ab® + 107 b?) Cosh[2 (c+dXx) | +
8 (525a%+126a*b-8lab”>-50b’) Cosh|[4 (c+dx)] +
1050 a> Cosh [6 (c +dx) | +638a’b Cosh|[6 (c+dx) ]| +276ab?Cosh|[6 (c+dx)] +
50 b* Cosh[6 (c+dx) | +165a> Cosh[8 (c+dx)| +63a>bCosh[8 (c+dx)] +
27 ab®Cosh[8 (c+dx) | +5b’Cosh[8 (c+dx)|) Sech[c+dx]®Tanh[c+dx]

Problem 133: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.



12 | Mathematica 11.3 Integration Test Results for 6.3.7 (d hyper)~m (a+b (c tanh)”n)”~p.nb

dx
3

J Sech[c+dx]7
(a+bTanh[c+dx]?)

Optimal (type 3, 156 leaves, 6 steps):
Va+b (8a’-4ab+3b?) Ar‘cTan[M]

ArcTan[Sinh[c +dx]] Va
- + +
b3d 8a°/2b3d
(a+b) sinh[c+dx] (4a-3b) (a+b) Sinh[c+dXx]

4abd (a+ (a+b) Sinh[c+dx]2)278a2b2d (a+ (a+b) Sinh[c+dx]?)

Result (type 3, 317 leaves):

2+/a+b (8a%-4ab+3b?) Ar‘cTan[w}
1 a+b

32b3d ad/2

+

2 (8a3+4a2b7ab2+3b3)Achan[M]

a+b

+64Ar‘cTan[Tanh[1 (c+dx) 1]+

a%2+/a+b 2
iva+b (8a2-4ab+3b?) Log[a-b+ (a+b) Cosh[2 (c+dx)]]
35/2
i(8a*+4a2b-ab’+3b%) Logla-b+ (a+b) Cosh[2 (c+dx)]]
2523 b 7
32b% (a+b) Sinh[c+dx] 8b (4a%+ab-3b?) Sinh[c+dx]

+

a(a-b+(a+b) Cosh|2 (c+dx”>2 a? (a-b+ (a+b) Cosh[2 (c+dx)])

Problem 144: Result more than twice size of optimal antiderivative.

JTanh[c+dx]4 (a+bTanh[c+dx]?)*dx

Optimal (type 3, 83 leaves, 4 steps):
(a+b)2x— (a+b)2Tanh[c+dx1 i
d
(a+b)?Tanh[c+dx]> b (2a+b) Tanh[c+dx]® b2 Tanh[c+dx]’

3d 5d 7d

Result (type 3, 205 leaves):
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4a?Tanh[c+dx] 46abTanh[c+dx] 176b%Tanh[c +dX]

a’x+2abx+b%x- +

3d 15d 105d
a’?Sech[c+dx]2Tanh[c+dx] 22abSech[c+dx]%2Tanh[c+dX]
+ +

3d 15d
122 b?Sech[c +dx]?Tanh[c+dx] 2abSech[c+dx]*Tanh[c +dx]

105d 5d
22b?Sech[c+dx]*Tanh[c+dx] b2Sech[c+dx]®Tanh[c+dXx]

+
35d 7d

Problem 146: Result more than twice size of optimal antiderivative.

JTanh[c+dx]2 (a+bTanh[c+dx]?)?dx

Optimal (type 3, 63 leaves, 4 steps):

5 (a+b)2Tanh[c+dx} b (2a+b) Tanh[c+dx]® b2Tanh[c+dx]®
(a+b) X - - -
d 3d 5d

Result (type 3, 132leaves):
a’Tanh[c+dx] 8abTanh[c+dx]

a’x+2abx+b®x-

d 3d
23b%2Tanh[c+dx] 2abSech[c+dx]?Tanh[c +dX]
15d : 3d '
11b%Sech[c+dx]2Tanh[c+dx] b?Sech[c+dx]*Tanh[c +dXx]
15d ) 5 d

Problem 154: Result more than twice size of optimal antiderivative.

2

JCoth[c+dx]6 (a+bTanh[c+dx]?)"dx

Optimal (type 3, 63 leaves, 4 steps):

R (a+b)?Coth[c+dx] a(a+2b)Coth{c+dx]> a2Coth[c+dx]5
(a+b)*x- - -
d 3d 5d

Result (type 3, 132leaves):
23 a?Coth[c+dx] 8abCoth[c+dX]

15 d ) 3d
b2 Coth[c+dx] 11a?Coth[c+dx] Csch[c+dx]?

d 15d
2abCoth[c+dx] Csch[c+dx]? a%Coth[c+dx] Csch[c+dx]*

3d 5d

a?x+2abx+b%x-
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Problem 156: Result more than twice size of optimal antiderivative.

JTanh[Cerx]4 (a+bTanh[c+dx]?)®dx

Optimal (type 3, 114 leaves, 4 steps):
(a+b)3Tanh[c+dx} (a+b)3Tanh[c+dx]3

b)3x - _ ~
(a+)x y T

b(3a?+3ab+b?) Tanh[c+dx]> b?(3a+b) Tanh[c+dx]” b3Tanh[c+dx]®
5d 7d 9d

Result (type 3, 640 leaves):
1
80640d
Sech[c+dx]® (39690a (c+dx) Cosh[c+dx] +119070a’b (c+dx) Cosh[c+dx] +119078ab’
(c+dx) Cosh[c+dx] +39690b> (c+dx) Cosh[c+dx] +26460a° (c+dx) Cosh|3 (c+dx)] +
79380 a%b (c+dx) Cosh[3 (c+dx) | +79380ab? (c+dx) Cosh[3 (c+dx) ]|+
26460 b> (c+dx) Cosh[3 (c+dx)] +11348a% (c+dx) Cosh[5 (c+dx) ]|+
34020a’b (c+dx) Cosh[5 (c+dx)|+34020ab® (c+dx) Cosh|[5 (c+dx)] +
(
(

11340 b> (c +dx) Cosh[5 (c+dx)] +2835a® (c+dx) Cosh[7 (c+dx)] +

8565a’b (c+dx) Cosh[7 (c+dx)] +8585ab® (c+dx) Cosh[7 (c+dx)]+

2835b% (c+dx) Cosh[7 (c+dx) | +315a° (c+dx) Cosh[9 (c+dx) | +

945a%b (c+dx) Cosh[9 (c+dx)| +945ab? (c+dx) Cosh[9 (c+dx)] +

315b% (c+dx) Cosh[9 (c+dx)] -3780a°Sinh[c+dx] -12474a?bSinh[c+dx] -
10584 ab”Sinh[c +d x] - 7938 b’ Sinh[c +dx] - 7980 a° Sinh[3 (c+dx) | -

24696 a’bSinh[3 (c+dx)| -24696ab?Sinh[3 (c+dx)]|-5292bSinh[3 (c+dx)] -
6300 a° Sinh|[5 (c+dx) | -18144a?bSinh|[5 (c+dx) | -19224ab?Sinh|[5 (c+dX) | -
7668 b> Sinh|[5 (c+dx) | - 2520a° Sinh|[7 (c+dx) | -7371a’bSinh[7 (c+dx) | -
6696 a b® Sinh[7 (c+dx) | -1917b?Sinh[7 (c+dx) | -420a°Sinh[9 (c+dX) | -
1449 a’b Sinh|[9 (c+dx) | - 1584 ab?Sinh[9 (c+dx) | -563b>Sinh[9 (c+dx)])

Problem 202: Result more than twice size of optimal antiderivative.

j 1-Tanh[x]? dx

Optimal (type 3, 3leaves, 3 steps):
ArcSin[Tanh[x] ]

Result (type 3, 19leaves):

X
2 ArcTan|Tanh|[ =] | Cosh[x] ~/Sech[x]?
2
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Problem 208: Result more than twice size of optimal antiderivative.
JTanh[x]s\/mdlx

Optimal (type 3, 87 leaves, 7 steps):

a+bTanh[x]?
Va+b ArcTanh| . LX) ] -
Va+b

a+bTanh[x]? + (a-b) (a+bTanh[x]?)*" ) (a+bTanh[x]2)*"?

3 b? 5 b2

Result (type 3, 184 leaves):

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?
15+/2

2
_23+2a2 _s?a_ 15+/2 +/a+b Cosh[x] Log[—Sech[i}z}—Log[
2

Ja+b \/(ab+ (a+b) Cosh[2x]) Sech[i]4

a+b+

s + (a+b) Tanh[;]z] Sech[g]2 /

[J (a-b+ (a+b) Cosh[2x]) Sech[i]4 ] + (11+§) Sech[x]2-3Sech[x]*
2

Problem 209: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTanh [x]%+/a+bTanh[x]? dx

Optimal (type 3, 121 leaves, 8 steps):
(a2-4ab-8b?) ArcTanh[M

a+b Tanh[x]?

va+b Tanh
++va+b ArcTanh| : nhix] ] -

a+bTanh[x]?

8 b3/2

(a+4b) Tanh[x] yJa+bTanh[x]2 1

- =Tanh[x]3+/a+bTanh[x]2
8b 4
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Result (type 4, 580 leaves):

a-b+ (a+b) Cosh[2x] aCoth[x]2 a (1+Cosh[2x]) Csch[x]?

1
— |- ||b(a*-4Db?)
4b 1+ Cosh[2x] b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?

Csch[2x] EllipticF]|

b
\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b
ArcSin| |, 1] sinh[x]* /(a (a-b+ (a+b) Cosh[2x]))| -
V2
-b b) Cosh[2
! 4ib (4ab.ab?] VitCoshizx] | oo 2+b)coshizd
\/a—b+ (a+b) Cosh[2x] 1+ Cosh[2x]
aCoth[x]2 a (1+Cosh[2x]) Csch[x]?

-1

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x]

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
EllipticF [ArcSin| |5 1] sinh[x]* /

V2

4a+/1+Cosh[2Xx] \/a—b+ (a+b) Cosh[2x]

+

aCoth[x]? a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?

i

b b b
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(a-b+ (a+b) Cosh[2 x]) Csch[x]?
b
, ArcSin| |, 1] sinhx]* /
a+b A2

Csch[2x] EllipticPi|

(2 (a+b) V/1+Cosh[2x] \/a—b+(a+b)Cosh[2x]) +

Sech[x] (-aSinh[x] -6bSinh[x])
8b

+

a-b+aCosh[2x] +bCosh[2Xx]
1+ Cosh[2x]

4
Sech[x]?

Tanh[x]

Problem 210: Result more than twice size of optimal antiderivative.
JTanh [x]3+/a+bTanh[x]? dx

Optimal (type 3, 63 leaves, 6 steps):

a+bTanh[x]? a+bTanh[x]?
Va+b ArcTanh| ’ [x] ] -+/a+bTanh[x]2 - (a+ [x]?)
AvJa+b 3b

Result (type 3, 310leaves):

3/2
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a+4b Sech[x]?
- +

3b 3

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

Log[—1+Tanh[§}2] -

-b b) Cosh[2
m(1+Cosh[x])\/ 1+ Cosh[2x] Ja + (a+b) Cosh[2x]

(1+Cosh[x])? 1+ Cosh[2x]

Log[a+b+aTanh[i]2+bTanh[§}2+\/a+b \/4bTanh[i]2+a (1+Tanh[i}2]2 ]]
2 2 2 2

et 27 oo 27y | ST [T

(—1+Tanh{ﬂ2)2

[\/a—b+(a+b) Cosh[Zx] \/(1+Tanh[§]2)2 \/4bTanh[§}2+a(1+Tanh[§]2)2]

2 2

Problem 211: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTanh [x]2+/a+bTanh[x]? dx

Optimal (type 3, 85leaves, 7 steps):
(a+2b) ArcTanh| M]
- 20T’ \/a+b ArcTanh | a+b Tanh[x] | - 1Tanh[x} a+bTanh[x]?
2+/b a+bTanh[x]? 2

Result (type 4, 531 leaves):
b2 a-b+(a+b)Cosh[2x] | acCoth[x]?
1+ Cosh[2Xx] b

\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b)Cosh[2x])Csch[x]2

b b
\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b
Csch[2x] EllipticF[ArcSin| |, 1] sinh[x]* /
V2
1

(a(a-b+(a+b)Cosh[2x])) -

\/a—b+ (a+b) Cosh[2x]
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a-b+ (a+b) Cosh[2x]
1+ Cosh[2x]

4ib (a+b)/1+Cosh[2x] \/

J aCoth[x]z\/ a (1+Cosh[2x]) Csch[x]? \/(a-b+(a+b)Cosh[2x])Csch[x12
i |- _

b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2 x] EllipticF [Ar‘cSin [

, 1| Sinh[x)*4
= J 1] /

+

(4ax/1+Cosh[2x] \/afb+ (a+b) Cosh[2x]

b b

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x})Csch[x]2
i |- _

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
, ArcSin| |, 1] sinh[x]* /
a+b /2

Csch[2x] EllipticPi|

(2 (a+b) /1+Cosh[2x] Ja—b+ (a+b) Cosh[2x]

1 a-b+acCosh[2x] +bCosh[2X]
- Tanh[x]
2 1+ Cosh[2X]

Problem 212: Result more than twice size of optimal antiderivative.

JTanh [X] \/a+bTanh[x]? dx

Optimal (type 3, 44 leaves, 5steps):
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a+bTanh[x]?
Va+b ArcTanh| X | -+/a+bTanh[x]?

\Va+b
Result (type 3, 214 leaves):

+

a-b+acCosh[2x] +bCosh[2x]
3 +4 Cosh[x] +Cosh[2Xx]

a-b+acCosh[2 b Cosh[2
Cosh[x] : [2x] + [2x] ++va+b Log[—Sech[i]z} -
3 +4Cosh[x] +Cosh[2Xx] 2

m\/(am (a+b) Cosh[2x]) SeCh[fr
+ (a+b) Tanh[i]z]

Va+b Logla+b+
vz 2

Sech[i]z\/(a—b+ (a+b) Cosh[2x]) Sech[x]? /
2

2

N(a-m (a+b) Cosh[2x]) Sech|~]"

Problem 213: Result more than twice size of optimal antiderivative.

j a+bTanh[x]? dx

Optimal (type 3, 60leaves, 6 steps):

b Tanh A/ b Tanh
~V/b ArcTanh| Vb Tanh [x] | ++/a+b ArcTanh| axb Tanh(x] ]
a+bTanh[x]? a+bTanh[x]?

Result (type 3, 137 leaves):
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N |

(7\/a+b Log[1l-Tanh[x]] +

Va+b Log[1+Tanh[x]] -2+/b Log[bTanh(x] ++/b +/a+bTanh[x]? | -
Va+b Logla-bTanh[x] ++a+b yJa+bTanh[x]? | +
Va+b Logla+bTanh[x] ++a+b x/a+bTanh[x}2]]

Problem 214: Result more than twice size of optimal antiderivative.

JCO‘th [x] \/a+bTanh[x]? dx

Optimal (type 3, 56 leaves, 7 steps):

a+bTanh[x]? a+bTanh[x]?2
[x] | ++/a+b ArcTanh| [x]

\/? VJa+b
Result (type 3, 124 leaves):

—\/?Ar‘cTanh[

]

\/?Ar'cTanh[ W\ECOSh[X] ] -

\/a—b+ (a+b) Cosh[2x]

Cosh[x]

Va+b Log[V2 Va+b Cosh[x] +\/a—b+ (a+b) Cosh[2x] |

\/<a—b+(a+b) Cosh[2x]) Sech[x]? /(\/a—b+(a+b) Cosh[2x])

Problem 215: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jcoth [x]2+/a+bTanh[x]? dx

Optimal (type 3, 48leaves, 5steps):
Va+b ArcTanh| a+b Tanh(x]

a+bTanh[x]?

| - Coth[x] +/a+bTanh[x]?

Result (type 4, 192 leaves):
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(a-b+ (a+b) Cosh[2x]) Csch[x]?

- a-b+ (a+b) Cosh[2x]) Csch[x]2-~/2 (a+b
b

J (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin| ], 1]+

V2

a-b+ (a+b) Cosh[2x]) Csch[x]?
VTa |l
2 b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticPi]| , ArcSin|

|, 1] | Tanh[x] /
aib Jz

(ﬁJ(a-m (a+b) Cosh[2x]) Sech[x]?

Problem 216: Result more than twice size of optimal antiderivative.
JCo‘ch[x]3x/a+bTanh[x]2 dx

Optimal (type 3, 83 leaves, 8steps):

(2a+b) ArcTanh | a+b Tanh[x)* ]

a
- +

2+/a
a+bTanh[x]? 1
Va+b ArcTanh| - X | - = coth[x]?+/a+bTanh[x]?

a+b 2

Result (type 3, 864 leaves):

Csch[x]?
2

+

1
2

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2Xx]

1+ Cosh[2x] \/a—b+(a+b)Cosh[2x]

2 1+ Cosh[2x]

21l (3arb) (1+Cosh[x])\/

(1+Cosh[x] )2
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(Log[Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 |+
2 2 2 2

Log[a+aTanh[i]2+2bTanh[£}2+\E\/4bTanh[i}z+a [1+Tanh[§]2)2 }J
2 2 2 2

R 4bTanh[§]2+a 1+Tanh[§]2 2
| ekl

(—1+Tanh[—} ] (1+Tanh{—] (71+Tanh[§]2)2

2

2 2

4+/a \[a-b+ (a+b) Cosh[2x] J(lJrTanh[X}Z)z\/4bTanh[)2(]2+a(1+Tanh[x}2)2J+

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

3 (a+b) /1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]) Coth[x]

\/a 1/ 1+Cosh[2x]

ArcTanh |
b (-1+Cosh[2x])+a (1+Cosh[2x])

1
- + Log[a~/1+Cosh[2x] +b
\/? Va+b

v1+Cosh[2x] ++Va+b \/b (-1+Cosh[2x]) +a (1+Cosh[2x]) |

Sinh[2x] /(3 (1+Cosh[2x])?[a-b+ (a+b) Cosh[2x]

—Log{Tanh[E]z] +

1+ Cosh[2x]
<1+Cosh[x]) e
(1+Cosh[x])?

Log[a+2b+aTanh[X}2+\/a_J4bTanh[X]2+a [1+Tanh[i]2)2 } +
2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\/?J4bTanh[X]2+a [1+Tanh[i]2)2 }]
2 2 2 2
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4bTanh|

§]2+a (1+Tanh[§}2)2

/

(—1+Tanh[§]2)2

4\/?\/m\/(1+Tanh[§]z)2 \/4bTanh[§}2+a(1+Tanh[§]2)2]

Problem 217: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCoth [x]*+/a+bTanh[x]? dx

Optimal (type 3, 78leaves, 6 steps):
Va+b ArcTanh| a+b Tanh[x] ] -

a+bTanh[x]?

(3a+b) Coth[x] yJa+bTanh[x]2 1
- = Coth[x]3+/a+bTanh[x]2
3

3a

Result (type 4, 558 leaves):

(-4aCosh[x] -bCosh[x]) Csch[x] 1
- = Coth[x] Csch[x]?]| +
3a 3

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

1+ Cosh[2x] b

(a+b) b\/a—b+<a+b>Cosh[2X] \/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch(x]?

b b) Cosh[2x]) Csch[x]?
\/(a +(a+ ) osh [ X]) schix] Csch[2x] EllipticF[

b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
ArcSin|

B inh[x]* a(a-b+ (a+b) Cosh[2x -
- . 1] sinhix]*| / (a (a-b+ (a+b) Coshi2x]))

1 a-b+ (a+b) Cosh[2x]

41ib+1+Cosh[2X] \/

Ja—b+(a+b)Cosh[2x] 1+ Cosh[2x]
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\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]?
N A _

b

Csch[2x]

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF[ArcSin|

s |, 1] sinh[x]* /

+

(43\/1+Cosh[2x} \Ja-b+ (a+b) Cosh[2x]

b b

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+<a+b)Cosh[2x])Csch[x}2
IL _—_— —_

(a-b+ (a+b) Cosh[2x]) Csch[x]?2
b
, ArcSin| |, 1] sinh(x]* /

a+b \/7

Csch[2x] EllipticPi|

(2 (a+b) V/1+Cosh[2x] \/a—b+ (a+b) Cosh[2x]

Problem 218: Result more than twice size of optimal antiderivative.
Jcoth [x]®+/a+bTanh[x]? dx

Optimal (type 3, 121 leaves, 9steps):
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(8a%+4ab-b2) ArcTanh| a+b Tanh [x]2 ]

- Va ++/a+b ArcTanh|

a+bTanh[x]?

} _

8 a3/2 Ja+b
(4a+b) Coth[x]?+/a+bTanh[x]?

1 4 2
- — Coth[x] a+bTanh[x]
8a 4

Result (type 3, 911 leaves):

6a+b
- +
8 a 8 a 4

(-8a-b) Csch[x]? cCsch[x]*

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

1+ Cosh[2X] \/ab+(a+b)Cosh[2x]

43 1+ Cosh[2x]

(1+Cosh[x] )2

1 (6a®+2ab-b? (1+Cosh[x])\/

(Log[Tanh[X]z] +Log[a+2b+aTanh[X]2+\EJ4bTanh[X}2+a (1+Tanh[i]2)2 |+
2 2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\EJ4bTanh[X}2+a [1+Tanh[i]2)2 }]
2 2 2

4bTanh| ]2+a (1+Tanh[§]2)2

X
2

(71+Tanh[§}2] (1+Tanh[§]2)

/

4\/?\/a—b+(a+b)Cosh[2x] \/(1+Tanh[x}2J2 \/4bTanh[X]2+a(1+Tanh[z}2]2J+

(—1+Tanh[§]2)2

2 2

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2Xx]

3 (2a*+2ab) /1+Cosh[2x] J
\/a—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]) Coth[x]

v/a +/1+Cosh[2x]

Ar‘cTanh[
\/b (-1+Cosh[2x])+a (1+Cosh[2x])

1
- + Log[a+/1+Cosh[2x] +b
\/? a+b

V1+Cosh[2x] ++a+b /b (-1+Cosh[2x]] +a (1+Cosh[2x]) ]
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Sinh[2 x] /(3 (1+Cosh[2x])2Ja—b+ (a+b) Cosh[2x]

(1+Cosh[x]) L+Cosh[2x] [—Log[Tanh{X]z] +
(1+Cosh[x])? 2

Log[a+2b+aTanh[X}2+\/?J4bTanh[X]2+a [1+Tanh[i]2)2 } +
2 2 2

X 2 X
Log[a+aTanh| =] +2bTanh[;
2

}2+\/?\/4bTanh[)2(]2+a[1+Tanh[x]2)2}]

2

4bTanh[§]2+a (1+Tanh[§}2)2

[—1+Tanh[§}2] (1+Tanh[—]2) /

(—1+Tanh[§]2)2

2

4\/?\/m\/(1+Tanh[§]2)2 \/4bTanh[§}2+a(1+Tanh[§]2)z]

Problem 219: Result more than twice size of optimal antiderivative.
JTanh[x]3 (a+bTanh[x12>3/2 dx

Optimal (type 3, 82leaves, 7 steps):

b h 2
(a+b)3/2Ar‘cTanh[ a+b Tanh [x]

] -

Va+b
b Tanhx12)5/2
(a+b)+fa+bTanh(x]? St (a+bTanh[x]?)%?- (s anb[x} )
3 5

Result (type 3, 184 leaves):



28 | Mathematica 11.3 Integration Test Results for 6.3.7 (d hyper)~m (a+b (c tanh)”n)”~p.nb

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

152

2

726a73Ta723b7 152 (a+b)*? Cosh[x] Log[fsech[i]z]fLog[
2

Ja+b \/(a—b+ (a+b) Cosh[2x]) Sech[?]4

a+b+

+ (a+b) Tanh[=]*]| sech[ ]’

NEY 2 2

[\/(a—b+ (a+b) Cosh[2x]) Sech[i]4 + (6a+11b) Sech[x]?-3bSech[x]*
2

Problem 220: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTanh [x]% (a+bTanh[x] 2>3/2 dx

Optimal (type 3, 123 leaves, 8 steps):
(3a?+12ab+8b?) Ar‘cTanh[M}

) a+b Tanh[x]2 N <a N b>3/2 Ar‘cTanh[

Va+b Tanh[x]

] -

8Vb a+bTanh[x]?2
1 2 1 3 | 2
— (5a+4b) Tanh[x] +/a+bTanh[x]*> - =bTanh[x]>+/a+b Tanh[x]
8 4

Result (type 4, 584 leaves):

1 a-b+ (a+b) Cosh[2x Coth[x]?
= 1-[|b(a2-4ab-ab?) (2 +b) [2x] | _aCoth[x]
4 1+ Cosh[2X] b

\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x}2
b b
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\/ (a-b+ (a+b) Cosh[2 x]) Csch[x]?
b

Csch[2x] EllipticF[ArcSin|

s |, 1] sinh[x]* /

1

(a(a-b+ (a+b)Cosh[2x])) |-

\/a—b+ (a+b) Cosh[2x]

a-b+ (a+b) Cosh[2x]

4ib (4a*>+8ab+4b?) +/1+Cosh[2x]

1+ Cosh[2x]

, aCoth[x]2 a (1+Cosh[2x]) Csch[x]?
i |-

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x]

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin|

s |, 1] sinh[x]* /

(4a\/1+Cosh[2x1 \/a—b+(a+b) COSh[ZX]) +

aCoth[x]? a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?

b b b

i

(a-b+ (a+b) Cosh[2 x]) Csch[x]?
b b
Csch[2x] EllipticPi|[ ——, ArcSin| |, 1] sinh[x]* /

a+b NEY
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(2 (a+b) V/1+Cosh[2x] \/a—b+(a+b)Cosh[2x]) +

ELSech[x](—5aSinh[x]——6bSinh[x])+
8

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

1
—b
4

Sech[x]? Tanh[x]

Problem 221: Result more than twice size of optimal antiderivative.

jTanh [x] (a+bTanh[x]?) 32 9x

Optimal (type 3, 63 leaves, 6 steps):

a+bTanh[x]?
\Va+b
Result (type 3, 164 leaves):

(a+b) 3/2 ArcTanh |

] - (a+b)/a+bTanh(x]? —i (a+bTanh[x]2)>"?

1
7\/(afb+ (a+b) Cosh[2x]) Sech[x]?
V2

w |

(a+b) - |2 (a+b)*?cCosh[x] Log[fsech[i]z]fLog[
2

X
2

m\/(a_b+(a+b) Cosh[2x]) Sech[}]*

a+b+

= ¢ (a+b) Tanh[g]z] Sech[g]z/

[\/(ab+ (a+b) Cosh[2x]) Sech[i]4 +1bSech[x}2
2 3

Problem 223: Result more than twice size of optimal antiderivative.

JCoth [x] (a+bTanh[x]?) 32 gx
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Optimal (type 3, 71leaves, 8steps):

a+bTanh[x]? a+bTanh[x]?
~a*2 ArcTanh | hd ]+ (a+b)3/2Ar‘cTanh[ LX)

\/? Va+b
Result (type 3, 872leaves):

| -b+/a+bTanh[x]?

+

b a-b+acCosh[2x] +bCosh[2x]
1+ Cosh[2x]

2

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
2 1+ Cosh[2x]

1 (3a®-2ab-b? (1+Cosh[x])\/

(1+Cosh[x])

—Log[Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 |+
2 2 2 2

Log[a+aTanh[i]2+2bTanh[£}2+\/?\/4bTanh[i}2+a [1+Tanh[§]2)2 }J
2 2 2 2

4bTanh| ]2+a (1+Tanh[§]2)2

X
2

/

4+/a \[a-b+ (a+b) Cosh[2x] \/(1+Tanh[f}2)2\/4bTanh[§]2+a(1+Tanh[f}2)2J+

2 2

(—1+Tanh[§]2)2

a-b+ (a+b) Cosh[2x]
1+ Cosh[2x]

1

3 (a*+2ab+b®) \/1+Cosh[2x] \/

\/a—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]} Coth[x]

ArcTanh { \a +/1+Cosh[2x]

/b (-1+Cosh[2x])+a (1+Cosh[2x]) 1

- + Log[a+/1+Cosh[2x] +b
\/? a+b

\1+Cosh[2x] ++Va+b \/b (-1+Cosh[2x]) +a (1+Cosh[2x]) |
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Sinh[2 x] /(3 (1+Cosh[2x])2Ja—b+ (a+b) Cosh[2x]

(1+Cosh[x]) L+Cosh[2x] (—Log[Tanh{X]z] +
(1+Cosh[x])? 2

Log[a+2b+aTanh[X}2+\/?J4bTanh[X]2+a [1+Tanh[i]2)2 } +
2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\/?\/4bTanh[X]2+a[1+Tanh[x]2)2}J
2 2 2 2

4bTanh| ]2+a (1+Tanh[§}2)2

X
2

/

(—1+Tanh[§]2)2

2

4\/?\/m\/(1+Tanh[§]2)2 \/4bTanh[§}z+a(1+Tanh[§]2)z]

Problem 224: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCoth[x]2 (a+ bTanh[x12>3/2 dx

Optimal (type 3, 77 leaves, 7 steps):
\/FTanh[x} }
a+bTanh[x]?

\Ja+b Tanh[x]

a+bTanh[x]?

-b3/2 ArcTanh [

(a+b) /2 ArcTanh |

| ~acoth[x] \/a+bTanh[x]?

Result (type 4, 197 leaves):
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(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

-|la (a—b+(a+b)Cosh[Zx])Csch[x]z—\/?<a+2b)\/

J (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin| ], 1]+

V2

e <a+b>\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticPi]| , ArcSin|

|, 1] | Tanh[x] /
aib Jz

(ﬁJ(a-m (a+b) Cosh[2x]) Sech[x]?

Problem 229: Result more than twice size of optimal antiderivative.

Tanh[x]°

dx
\/a+bTanh[x]?

Optimal (type 3, 70leaves, 6 steps):

N 2
ArcTanh | abT::[X] ] (a-b)+/a+bTanh(x]2 (a+bTanh[X]2)3/2

+ —

Vva+b b 3 b?
Result (type 3, 313 leaves):
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2 (a-2b) sech[x]?
+
3 b2 3b

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

Log[—1+Tanh[i]2] -
2

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a + (a+b) Cosh[2x]

1+ Cosh[x])? 1+Cosh[2x]

Log[a+b+aTanh[i]2+bTanh[§}2+\/a+b \/4bTanh[i]2+a (1+Tanh[i}2]2 ]]
2 2 2 2

v 2] [t v 2] | S BTG

(—1+Tanh{ﬂ2)

[m\/a_b+(a+b)(ﬁ05h[2x] \/(1+Tanh[f}2]2\/4bTanh[£]2+a(1+Tanh[f}2]2J

2 2 2

Problem 230: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tanh[x]*

dx
\/a+bTanh[x]?

Optimal (type 3, 88 leaves, 7 steps):
(a -2 b) ArcTanh [ M] ArcTanh [ o/a+b Tanhix]_

a+b Tanh[x]? a+b Tanh[x]? Tanh[x] a+ bTal"lh[X]2
+ _
2032 Jaib 2b

Result (type 4, 542 leaves):

1 ( b) b\/ab+ (a+b) Cosh[2x] \/ aCoth[x]?2 \/ a (1+Cosh[2x]) Csch[x]?
-1l (a- - _
b

1+ Cosh[2x] b b

Csch[2 x] EllipticF [

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]2
b

ArcSin| |, 1] sinh[x]* /(a (a-b+ (a+b) Cosh[2x]))| -

V2
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1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

41b%+/1+Cosh[2x] J
\/afb+ (a+b) Cosh[2x]

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]?
i - _

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]? Csch[2x]

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF[ArcSin|

s |, 1] sinh[x]* /

+

(43\/1+Cosh[2x} \Ja-b+ (a+b) Cosh[2x]

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x}2
J]_ _—_— -

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]2
b
, ArcSin|

a+b NEY

Csch[2x] EllipticPi|

|, 1] sinh[x]* /

(2 (a+b) V/1+Cosh[2x] \/a—b+(a+b)Cosh[2x]) -

a-b+aCosh[2 x]+b Cosh[2 x] Tanh [x]
1+Cosh[2x]

2b

Problem 231: Result more than twice size of optimal antiderivative.
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J Tanh[x]3
dx
a+bTanh[x]?
Optimal (type 3, 47 leaves, 5steps):
ArcTanh [ 1/ a+b Tanh sz ]

+7b a+bTanh[x]?

\Va+b b
Result (type 3, 227 leaves):

X

X2 2
- | |sech[=]" |4 b Cosh[x] Log{—Sech[z} |-
2

Va+b \/(ab+ (a+b) Cosh[2x]) Sech[ﬂ4

4 b Cosh[x] Log[a+b+ +(a+b) Tanh[i]2]+

3 2
V2 Ja+b \/(ab+ (a+b) Cosh[2x]) Sech[i}4 ++2 Va+b Cosh[x]
2

\/(a—b+ (a+b) Cosh[2x]) Sech[i}4 \/(a—b+ (a+b) Cosh[2x]) Sech[x]? /
2

4b~/a+b \/(ab+ (a+b) Cosh[2x]) Sech[i}4
2

Problem 232: Result unnecessarily involves higher level functions.
2
J Tanh[x] .
a+bTanh[x]?
Optimal (type 3, 60leaves, 6 steps):
Ar‘cTanh[JLu—b Tanh x| ] Ar‘cTanh[—\Lu—a+b Tanh (x| ]

a+b Tanh[x]? a+b Tanh[x]?
- +
\/'b Va+b

Result (type 4, 101 leaves):
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(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
, ArcSin]|

a+b NFY

- | |aCoth[x] EllipticPi|

> 1]

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

\/(a—b+(a+b)Cosh[2x])Sech[x]2 / b(a+b)\/

Problem 233: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
a+bTanh[x]?
Optimal (type 3, 29 leaves, 4 steps):
ArcTanh [3{a+bTanh x]2 ]

a+b

\Va+b
Result (type 3, 136 leaves):

- | |Cosh[x] Log[—Sech[i]z]—
2

Va+b J(a—b+ (a+b) Cosh[2x]) Sech[ﬂ4
Logla+b + + (a+b) Tanh[i]z] Sech[i}2
2 2

V2

\/<a—b+(a+b)Cosh[2x])Sech[x]2 /[\/a+bJ(a—b+(a+b)Cosh[2x])Sech[£}4
2

Problem 234: Result more than twice size of optimal antiderivative.

1
J dx
a+bTanh[x]?

Optimal (type 3, 31leaves, 3 steps):
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Ar‘cTanh[ a+b Tanh[x

a+b Tanh[x]?

\VJa+b

Result (type 3, 83 leaves):
1

2+va+b
Log[a-bTanh(x] +Va+b y/a+bTanh(x]? | +Log[a+bTanh[x] ++/a+b +/a+bTanh[x]? ]]

-Log[1l-Tanh[x]] +Log[1l+Tanh[x]] -

Problem 235: Result more than twice size of optimal antiderivative.
J Coth[x] .
a+bTanh[x]?
Optimal (type 3, 56 leaves, 7 steps):
ArcTanh [ LTI | pncrany [ fa:bTamia? )

A/ a a+b
- +

\/? Va+b
Result (type 3, 161 leaves):

/\/—
\/m {—MAr‘cTanh[ Va \/1+Cosh[2x] ] +

\/a—b+ (a+b) Cosh[2x]

Va Log[a+/1+Cosh[2x] +b~/1+Cosh[2x] ++a+b \/a—b+ (a+b) Cosh[2x] |

\/(a—b+ (a+b) Cosh[2x]) Sech[x]? /(v?\/am \/a—b+ (a+b) Cosh[2x]

Problem 236: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Coth[x]2
dx
a+bTanh[x]?
Optimal (type 3, 51leaves, 5steps):
ArcTanh a+b Tanh[x

a+b Tanh[x]2 Coth[x] +/a+bTanh[x] 2
Va+b a

Result (type 4, 206 leaves):
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- (a+b) (a-b+ (a+b) Cosh[2x]) Csch[x]?-

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF|

\/?a(a+b)\/

(a-b+(a+b) Cosh[2x]) Csch[x]?
ArcSin| i ] 1%\/732\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
)

V2 b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
, Ar‘cSin[ }, 1} Tanh [x] /
a+b A2

EllipticPi]|

(\Ea (a+b) \/(a—b+ (a+b) Cosh[2x]) Sech[x]?

Problem 237: Result more than twice size of optimal antiderivative.
Coth[x]3 dx
\/a+bTanh[x]?

Optimal (type 3, 88leaves, 8steps):

a+b Tanh[x]? a+b Tanh[x]?
(2a-b) ArcTanh| - | ArcTanh| - ] Coth[x]2~/a + b Tanh[x]?

— + —

2332 Ja+ib 2a
Result (type 3, 874 leaves):

1 Csch[x]?

2a 2a

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

1+ Cosh[2x] \/ab+(a+b)Cosh[2x}

2a 1+ Cosh[2Xx]

(1+Cosh[x] )2

1 (3a—2b) <1+Cosh[X])\/

[Log[Tanh[X]z] +Log[a+2b+aTanh[X]2+\EJ4bTanh[X]2+a (1+Tanh[i]2)2 |+
2 2 2 2
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Log[a+aTanh[X]2+2bTanh[X}2+\E\/4bTanh[X}2+a [1+Tanh[i]2)2 }]
2 2 2

4bTanh| ]2+a (1+Tanh[§]2)2

X
2

(—1+Tanh[§}2] (1+Tanh[§]2)

/

4+/a \Ja-b+ (a+b) Cosh[2x] J(1+Tanh[x}2J2\/4bTanh[)2(]2+a(1+Tanh[z}2]2]+

(—1+Tanh[§]2)2

2

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

3a+v1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]) Coth[x]

~/a +/1+Cosh[2x]

ArcTanh|
\/b (-1+Cosh[2x])+a (1+Cosh[2x])

1
- + Log[a~/1+Cosh[2x] +b
\/? Vva+b

v/1+Cosh[2x] ++/a+b Jb (-1+Cosh[2x]) +a (1+Cosh[2x]) |

Sinh[2 x] /(3 (1+Cosh[2x])2Ja—b+ (a+b) Cosh[2x]

1+ Cosh[2x] X2
<1+Cosh[x]) —_— —Log[Tanh[—] ]+
(1+cCosh([x])? 2

Log{a+2b+aTanh[§}2+\/?J4bTanh[§]2+a [1+Tanh[i]2)2 |+
2 2

Log[a+aTanh[x]2+2bTanh[X}2+\/?J4bTanh[X]2+a [1+Tanh[§]2)2 }J
2 2 2 2
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4bTanh[§]2+a (1+Tanh[§}2)2

/

(—1+Tanh[§]2)2

4\/?\/m\/(1+Tanh[§]z)2 \/4bTanh[§}2+a(1+Tanh[§]2)2]

Problem 238: Result more than twice size of optimal antiderivative.
J Tanh[x]° dx
(a+bTanh[x]2)>?

Optimal (type 3, 72leaves, 6 steps):
ArcTanh [ 1/ a+b Tanh sz ]

a:b a? a+bTanh[x]?

_ "

(a+b)*? b? (a+b) +/a+bTanh[x]?

Result (type 3, 200 leaves):

1 |-2a%+b?- (2a%+2ab+b?) Cosh[2x]
2 | b? (a+b) (afb+(a+b)Cosh[2x})

\/a+b\/<a—b+(a+b) Cosh[2x])Sech[§]4
v/2 Cosh[x] Log[fsech[i}z} -Logla+b+ +
2 V2

(a+b) Tanh[g]z] Sech[g}z /

[(a+b)3/2\/(ab+ (a+b) Cosh[2x]) Sech[i}4

\/(afb+ (a+b) Cosh[2x]) Sech[x]?
2
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Problem 239: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Tanh[x]* dx
(a+bTanh[x]2)*?

Optimal (type 3, 84 leaves, 7 steps):
Ar‘cTanh{JLf—]—b Tanhixl | Ar‘cTanh{—*Lu—a+b Tanhix] ]

/ a+b Tanh[x]?2 a+b Tanh[x]?2 a Tanh[x]
- + +
3/2 3/2
b (a+b) b (a+b)+/a+bTanh[x]?

Result (type 4, 188 leaves):

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF|

-11]a —2a—2b+\/?(a+b)\/

ArcSin|

(a-b+ (a+b) Cosh[2 x]) Csch[x]?

b a-b+ (a+b) Cosh[2x]) Csch[x]?2

J,1] i+ b | 1220 (210) Coshizx]) Cochix]
2 b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticPi|

» ArcSin|

, 1| | Tanh
a+b NEY [l an[x]/

(\/Tb (a+b)2\/(a—b+ (a+b) Cosh[2x]) Sech[x]z)

Problem 240: Result more than twice size of optimal antiderivative.

J Tanh[x]3 dx
(a+bTanh[x]?)*?

Optimal (type 3, 52leaves, 5steps):

2
Ar‘cTanh[ a+b Tanh[x] ] 3
b
a+ .

(a+b)>? b (a+b)+/a+bTanh[x]?

Result (type 3, 178 leaves):
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1 2 aCosh[x]?
V2 |b(a+b) (a-b+ (a+b) Cosh[2x])

vJa+b \/(ab+(a+b) Cosh[2x])Sech[5]4
X 42 2
V2 Cosh([x] |Log[-Sech[=]"]| -Log[a+b+ +
2 V2

(a+b) Tanh [ X]*] | secn[%]°| /

2 2

[(a+b)3/2\/(a—b+ (a+b) Cosh[2x]) Sec:h[i}4

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?
2

Problem 241: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

2
J Tanh [x] dx
(

a+bTanh[x]?)*?

Optimal (type 3, 53 leaves, 4 steps):

_\LLL
Arc anh[ a:b Tanh[x
a+b Tanh[x]? ant [X]

(a+b)3/2 (a+b)~/a+bTanh[x]?

Result (type 4, 182leaves):
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e (ab) \/ (a-b+ (a+b) Co;h[Zx]) Csch[x]?

J (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin|

e J>1] -

1 (a-b+ (a+b) Cosh[2x]) Csch[x]?
2|la+b+ a
7z :

\/ (a-b+ (a+b) Cosh[2 x]) Csch[x]?
b

EllipticPi| , ArcSin|

, 1] || Tanh
a+b ﬁ ] ] an [X]/

(\/? (a+b)2\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

Problem 242: Result more than twice size of optimal antiderivative.
J Tanh[Xx] dx
(a+bTanh[x]2)*?
Optimal (type 3, 49 leaves, 5 steps):
Ar‘cTanh[@]

a+b 1

(a+b)*? (a+b) ~/a+bTanh[x]?

Result (type 3, 174 leaves):
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1 2 Cosh[x]?

V2 (a+b) (a—b+(a+b)Cosh[2x})

\/aerJ<ab+(a+b)Cosh[2x])Sech[i]4

X 42 2

/2 Cosh[x] |Log[-Sech[=]"] -Log[a+b+ +
2

V2

(a+b) Tanh [ X]*] | secn[%]°| /

2 2

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

[(a+b)3/2\/(a—b+ (a+b) Cosh[2x]) Sech[g}4

Problem 244: Result more than twice size of optimal antiderivative.

J Coth[x] dx
(a+bTanh[x]2)*?

Optimal (type 3, 78leaves, 8 steps):

Ar‘cTanh[ a+b Tanh[x]? } Ar‘cTanh[ a+b Tanh[x]? ]
B Va . a+b + b
a2 (a+b)>? a(a+b)~/a+bTanh[x]?

Result (type 3, 903 leaves):

b 2 b?

+

a(a+b)®> a(a+b)®(a-b+aCosh[2x] +bCosh[2x])

+

a-b+aCosh[2x] +bCosh[2x]
1+ Cosh[2Xx]

1
2a (a+b)

1+ Cosh[2x] Ja—m (a+b) Cosh[2x]

(1+Cosh[x])? 1+ Cosh[2x]

(3a+4b) (1+Cosh[x])\/

—Log{Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[£]2+a (1+Tanh[§]2)2 ]+
2 2 2 2

Log[a+aTanh[i]2+2bTanh[i}2+\/?\/4bTanh[i}2+a [1+Tanh[§]2)2 }]
2 2 2
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4bTanh| ]2+a (1+Tanh[§]2)2

X
2

/

4\/?x/a—b+(a+b)Cosh[2x] J(1+Tanh[z}2J2 \/4bTanh[)2(]2+a(1+Tanh[z}2]2]+

(—1+Tanh[§]2)2

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

3a+v1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]) Coth[x]

v/a +/1+Cosh[2x]

Ar‘cTanh[
b (-1+Cosh[2x])+a (1+Cosh[2x])

1
- + Log[a+/1+Cosh[2x] +b
\/? Vva+b

v/1+Cosh[2x] ++/a+b Jb (-1+Cosh[2x]) +a (1+Cosh[2x]) |

Sinh[2x] /(3 (1+Cosh[2x])*+f/a-b+ (a+b) Cosh[2x]

—Log[Tanh[i]z] +

1+ Cosh[2x]
(1+Cosh[x]) \/(—
2

1+ Cosh[x] )2

Log{a+2b+aTanh[§}2+\/?\/4bTanh[i}2+a [1+Tanh[£]2)2 |+
2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\/?J4bTanh{X}2+a [1+Tanh[§]2)2 }J
2 2 2 2

4bTanh[ ]2+a (1+Tanh[§}2)2

X
2

/

—_—

—1+Tanh[i}2] (1+Tanh[f] )

B (—1+Tanh[§]2)2
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2

4\/?\/m\/(1+Tanh[§]2)2 \/4bTanh[§}2+a(1+Tanh[§]2)z]

Problem 245: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Coth[x]? dx
(a+bTanh[x]2)%?

Optimal (type 3, 85leaves, 6 steps):

Ar‘cTanh[ \a+b Tanh[x -
a+b Tanh[x]2 b Coth [x] (a+2b) Coth[x] +/a+bTanh[x]
.

(a+b>3/2 ) a’ (a+b)

a(a+b)+/a+bTanh[x]?

Result (type 4, 230leaves):

- (a+b) (a®-2b%+ (a*+2ab+2b*) Cosh[2x]) Csch[x]? -

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF|

V2 a? (a+b)\/

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

(a-b+ (a+b) Cosh[2x]) Csch[x]?

ArcSin| |, 1] ++/2 a3
V2 b
\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?2
b
EllipticPi| , ArcSin| |, 1] | sech[x]?sSinh[2x] /
a+b Jz

(Z\Eaz (a+b)2\/(a—b+ (a+b) Cosh[2x]) Sech[x]?
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Problem 246: Result unnecessarily involves higher level functions.
J Tanh[x]® dx
(a+bTanh[x]2)>?

Optimal (type 3, 118leaves, 8 steps):
Ar‘cTanh[JLu—b Tanhixl | Ar‘cTanh{—\Lu—a*b Tanhix] ]

a+b Tanh[x]? a+b Tanh[x]?
- +
b5/2 <a+b>5/2
aTanh[x]3 a (a+2b) Tanh[x]

+
3b (a+b) <a+bTanh[x]2)3/2 bz(a+b)2 a+bTanh[x]?2

Result (type 4, 231 leaves):
1

312 b? (a+b)?

\/(afb+ (a+b) Cosh[2x]) Sech[x]?

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
-||3+2 acoth([x] | (a®+3ab+2b?) EllipticF[ArcSin| |,1]+

V2

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

a+b,Ar‘cSin[ s |, 1] /

b% EllipticPi|

b\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

(a(a+b) (3a®+2ab-7b’+ (3a*+18ab+7b?) Cosh[2x]) Sinh[2x]) /

(a-b+ (a+b) Cosh[ZX])2

Problem 247: Result more than twice size of optimal antiderivative.

5
J Tanh [x] dx
(

a+bTanh[x]2)>?

Optimal (type 3, 84 leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 6.3.7 (d hyper)~m (a+b (c tanh)”n)”~p.nb | 49

a+b Tanh[x]? ]
b a2 a (a +2 b)
- +

(a+b)>? 3b2 (a+b) (a+bTanh[x]2)? |, (a+b)?

ArcTanh |

a+bTanh[x]?

Result (type 3, 376 leaves):

2a(a+3b)
3b2 (a+b)?

a-b+aCosh[2x] +bCosh[2x]
1+ Cosh[2Xx]

4 a2 2a(a+6b)
N

3 (a+b)3 (a-b+acCosh[2x] +bCosh[2x])2 3b (a+b)3 (a-b+acCosh[2x] +bCosh[2x])

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a + (a+b) Cosh[2x]

1+ Cosh[x])? 1+ Cosh[2x]

+

Log[—1+Tanh[i]2] -
2

Log[a+b+aTanh[i]2+bTanh[§}2+x/a+b \/4bTanh[i]2+a (1+Tanh[i}2]2 ]]
2 2 2 2

(3 vamn [ 2] [2-Tann[)°) soramn (3] va 1 Tan )Y

(—1+Tanh[ﬂ2)2

[(a+b)5/2\/ab+ (a+b) Cosh[2x] \/(1+Tanh[5]2)2 J4bTanh[i]2+a (1+Tanh[§]2)2 J

2 2 2

Problem 248: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

4
J Tanh [x] dx
(

a+bTanh[x]2)>?

Optimal (type 3, 90leaves, 6 steps):

Ar\cTanh[M
a+b Tanh[x)2 aTanh[x] (a+4b) Tanh [x]
+

(a+b)5/2 3b (a+b) (a+bTanh[x]2)3/2 3b(a+b)2 a+bTanh[x]2

Result (type 4, 595 leaves):

1 b\/ab+<a+b)€osh[2x] \/ aCoth[x]z\/ a(lJrCosh[zx])Csch[x]2

(a+b)? 1+ Cosh[2x] b
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(a-b+ (a+b) Cosh[2x]) Csch[x]?

Csch[2x] EllipticF|

b
\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b
ArcSin| |, 1] sinh[x]* /(a a-b+ (a+b) Cosh[2x]))| -

1 a-b+ (a+b) Cosh[2x]

4ib+1+Cosh[2X]
\/a—b+(a+b)Cosh[2x] 1+Cosh[2x]
aCoth[x]2 a (1+Cosh[2x]) Csch[x]?

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x]

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]2
b

EllipticF [Ar‘cSin [

, 1] Sinh[x]*
- J, 1] /

4a+/1+Cosh[2x] \/afb+(a+b) Cosh[2 x] +
_ aCoth[x]?2 a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?
o=
b b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
, ArcSin| |, 1] sinh[x]* /
a+b A2

Csch[2x] EllipticPi]|
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(2 (a+b) V/1+Cosh[2x] \/a—b+(a+b)Cosh[2x]) +

2 aSinh[2Xx]

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

3 (a+b)2 (a-b+acCosh[2x] +bCosh[2x])2

4 Sinh[2 x]

3 (a+b)2 (a-b+acCosh[2x] +bCosh[2x])

Problem 249: Result more than twice size of optimal antiderivative.

J Tanh[x]3 dx
(a+bTanh [x]z)s/2

Optimal (type 3, 74 leaves, 6 steps):
a+b Tanh[x]?
ArcTanh | - ] 5 1
N _

<a+b>5/2 3b(a+b) (a+bTanh[xJ2>3/2 (a+b>2

a+bTanh[x]?

Result (type 3, 372leaves):

a-3b
3b(a+b)’

+

a-b+acCosh[2x] +bCosh[2Xx]
1+ Cosh[2Xx]

4ab 2(2a—3b)

+

3 (a+b)3 (a-b+acCosh[2x] +bCosh[2x])2 3 (a+b)3 (a-b+acCosh[2x] +bCosh[2x])

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a +(a+b) Cosh[2x]

1+Cos.h[x])2 1+ Cosh[2x]

+

Log[—1+Tanh[i]2] -
2

Log[a+b+aTanh[i]2+bTanh[£}2+\/a+b J4bTanh[i]2+a (1+Tanh[£}2]2 ]]
2 2 2 2

4bTanh[§}2+a (1+Tanh[§]2)2

(—1+Tanh[§]2) (1+Tanh[§]2)

/

[(“b)S/Z\/ab* (a+b) Cosh[2x] \/(1+Tanh[x]2)2 J4bTanh[X]2+a (1+Tanh[i]2)2 ]

(—1+Tanh[ﬂ2)2

2 2

Problem 250: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.
2
J Tanh [x] dx
(a+bTanh[x]2)>?

Optimal (type 3, 88leaves, 6 steps):

Ar‘cTanh[ +/a+b Tanh[x ]
a+b Tanh[x]? Tanh [x] (Za—b) Tanh [x]

(a+b>5/2 3 (a+b) (a+bTanh[x]2>3/2 3a<a+b)2 a+bTanh[x]2

Result (type 4, 608 leaves):

1 b\/ab+<a+b)€osh[2x] \/ aCoth[x]z\/ a(lJr(Zosh[zx])Csch[x]2

(a+b)? 1+ Cosh[2x] b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

Csch[2x] EllipticF|
b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

B inh[x]* a(a-b+ (a+b) Cosh[2x -
= J, 1] sinhix]*| / (a (a-b+ (a+b) Coshi2x]))

a-b+ (a+b) Cosh[2x]

41b+1+Cosh[2Xx] \/

\/afb+(a+b)Cosh[2x] 1+ Cosh[2x]

, \/ aCoth[x]2 \/ a (1+Cosh[2x]) Csch[x]?
i |- _
b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x]

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b
EllipticF[ArcSin|

s |, 1] sinh[x]* /



Mathematica 11.3 Integration Test Results for 6.3.7 (d hyper)~m (a+b (c tanh)”n)”~p.nb | 53

(4a\/1+Cosh[2x1 \/a—b+(a+b) COSh[ZX]) +

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b)Cosh[2x])Csch[x}2
o o=

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
» ArcSin| |, 1] sinh[x]* /
a+b 2

Csch[2x] EllipticPi|

(2 (a+b) v/1+Cosh[2x] \/a—b+(a+b)Cosh[2x]) +

2bSinh[2x]

- +

3 <a+b)2 (a-b+aCosh[2x] +bCosh[2x1)2

a-b+aCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-3aSinh[2x] +bSinh[2x]

3a(a+b)? (a-b+acCosh[2x] +bCosh[2x])

Problem 251: Result more than twice size of optimal antiderivative.

J( Tanh[Xx] dx

a+bTanh[x]2)5/2

Optimal (type 3, 70leaves, 6 steps):

2
ArcTanh [ a+b Tanh [x] ]

a+b 1 1

(a+b)*? 3 (a+b) (a+bTanh[x]?)*? (a+b)2 a+bTanh[x]2

Result (type 3, 359 leaves):
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4

3 (a+b)3

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

4 b? 10b

3 (a+b)’ (a-b+aCosh(2x] +bCosh[2x])?> 3 (a+b)?(a-b+aCosh[2x] +bCosh[2x])

-b+ (a+b) Cosh[2
(1+Cosh[x])\/(1+Cosh[2x]2 \/a (a+b) Cosh[2x]

+

Log[—1+Tanh[§]2] -
2

1+Cosh[x]) 1+ Cosh[2x]

Log[a+b+aTanh[§]2+bTanh[§}2+\/a+b \/4bTanh[X]2+a (1+Tanh[§}2]2 ]]
2 2 2 2

ot 2 [poramn 27y | ST [T

(—1+Tanh{§}2)

[<a+b)5/2\/a_b+(a+b)Cosh[2x} \/(1+Tanh{§}2)2 \/4bTanh[§]2+a(1+Tanh[§]2)2]

Problem 253: Result more than twice size of optimal antiderivative.
Coth[x]
J dx
(a+bTanh[x]?) >/2
Optimal (type 3, 108 leaves, 9 steps):
Ar‘cTanh[lfa*bTa"h x]2 } Ar‘cTanh[;{mbTanh x]2 ]

A/ a a+b
- + +

a5/2 <a+b)5/2

b b (2a+b)

.
3a (a+b) <a+bTanh[x]2)3/2 az(a+b)2 a+bTanh[x]?

Result (type 3, 966 leaves):

b(7a+3b) 4 b3
+ +

3a2 (a+b)> 3a(a+b)’(a-b+aCosh[2x] +bCosh[2x])?

a-b+aCosh[2x] +bCosh[2x]
1+ Cosh[2Xx]

2 b2 (8a+3b)

+

3a? (a+b)3 (a-b+acCosh[2x] +bCosh[2x])

1

-b b) Cosh[2
(3a2+8ab+4b2) (1+Cosh[x])\/ 1+ Cosh[2x] \/a +(a+ ) osh[2x]

22 (a+b)? (1+Cosh[x])? 1+ Cosh[2xX]
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(Log[Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 |+
2 2 2 2

Log[a+aTanh[i]2+2bTanh[£}2+\E\/4bTanh[i}z+a [1+Tanh[§]2)2 }J
2 2 2 2

R 4bTanh[§]2+a 1+Tanh[§]2 2
| ekl

(—1+Tanh[—} ] (1+Tanh{—] (71+Tanh[§]2)2

2

2 2

4+/a \[a-b+ (a+b) Cosh[2x] J(lJrTanh[X}Z)z\/4bTanh[)2(]2+a(1+Tanh[x}2)2J+

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2X]

3a%+/1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x]) Coth[x]

\/a 1/ 1+Cosh[2x]

ArcTanh |
b (-1+Cosh[2x])+a (1+Cosh[2x])

1
- + Log[a~/1+Cosh[2x] +b
\/? Va+b

v1+Cosh[2x] ++Va+b \/b (-1+Cosh[2x]) +a (1+Cosh[2x]) |

Sinh[2x] /(3 (1+Cosh[2x])?[a-b+ (a+b) Cosh[2x]

—Log{Tanh[E]z] +

1+ Cosh[2x]
<1+Cosh[x]) e
(1+Cosh[x])?

Log[a+2b+aTanh[X}2+\/a_J4bTanh[X]2+a [1+Tanh[i]2)2 } +
2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\/?J4bTanh[X]2+a [1+Tanh[i]2)2 }]
2 2 2 2
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4bTanh| ]2+a (1+Tanh[§}2)2

X
2

(—1+Tanh[§]2)2

/

4\/?\/m\/(1+Tanh[§]z)z \/4bTanh[§}2+a(1+Tanh[§]2)2]

Problem 254: Result unnecessarily involves higher level functions.

J Coth[x]? dx
(a+bTanh[x]2)%?

Optimal (type 3, 131 leaves, 7 steps):
Ar‘cTanh[ \/a+b Tanh[x ]

a+b Tanh[x]2 b Coth[x]
+ +
(a+b)°>? 3a (a+b) (a+bTanh[x]2)>?
b (7a+4b) Coth[x] (3a+2b) (a+4b) Coth[x] +/a+bTanh[x]?
3a% (a+b)*+/a+bTanh[x]2 3a% (a+b)?

Result (type 4, 246 leaves):
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1

34/2 a3 (a+b)3

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

3+/2 a®Coth[x] (a+b) EllipticF[ArcSin|

(a-b+ (a+b) Cosh[2x]) Csch[x]?

b b
aEllipticPi| » ArcSin| ], 1] /

a+b NEY

b\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

((a+b) (3 (a+b)2 (a-b+ (a+b) Cosh[zx])ZCoth[x1 +2ab3sinh[2x] +

b> (9a+5b) (a-b+ (a+b) Cosh[2x]) Sinh[2x1))/(a—b+ (a+b) Cosh[ZX])2

Problem 259: Result more than twice size of optimal antiderivative.

JTanh [x] (a+bTanh[x]*) 32 9x

Optimal (type 3, 124 leaves, 9 steps):
2 2
WTanh[x] } . 1 (a+b)3/2 Ar'cTanh[ a+bTanh[x] ] B
a+bTanh[x]? 2 Va+b +/a+bTanh[x]*

NS (3a+2b) ArcTanh]|

I

(a+ bTanh[x]“)3/2

|

(2 (a+b) +bTanh[x]?) /a+bTanh[x]* -

FNQN

Result (type 3, 62021 leaves) : Display of huge result suppressed!
Problem 260: Result more than twice size of optimal antiderivative.
JTanh [x] \/a+bTanh[x]* dx

Optimal (type 3, 89leaves, 8steps):
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\/b Tanh[x]?

1
- =~/b ArcTanh|
2

|+

a+bTanh[x]*

1 a+bTanh[x]? 1
~+a+b ArcTanh| - [X] | - =+a+bTanh[x]*
2 Va+b +/a+bTanh[x]* 2

Result (type 3, 31650 leaves) : Display of huge result suppressed!

Problem 261: Unable to integrate problem.

J Tanh [x]
dx
a+bTanh[x]*

Optimal (type 3, 40leaves, 4 steps):

2
ArcTanh [ a+b Tanh [x]

Varb farb Tanh[x]4
2+a+b

Result (type 8, 17 leaves):
J Tanh[x] dx
a+bTanh[x]*
Problem 262: Result more than twice size of optimal antiderivative.

J Tanh[x] 4
X
(a+bTanh[x]4)*?

Optimal (type 3, 74 leaves, 6 steps):

2
ArcTanh [ a+b Tanh[x]

\a+b ~/a+bTanh[x]* a-bTanh[x]?
3/2
2 (a+b) 2a (a+b)~/a+bTanh[x]*

Result (type 3, 33271 leaves) : Display of huge result suppressed!

Problem 263: Result more than twice size of optimal antiderivative.

J Tanh[X] dx
(a+bTanh[x]*) >/2

Optimal (type 3, 118 leaves, 7 steps):

ArcTanh [ a+b Tanh[x]? ]
Va+b ~/asb Tanh[x]* a-bTanh[x]? 3a’-b (5a+2b) Tanh[x]?
2 (a+b)*? 6a(a+b) (a+bTanh(x]*)*? ¢ > (a+b)?+/a+bTanh[x]*

Result (type 3, 41215 leaves): Display of huge result suppressed!
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Summary of Integration Test Results

263 integration problems

A - 194 optimal antiderivatives

B - 35 more than twice size of optimal antiderivatives
C - 29 unnecessarily complex antiderivatives

D - 5unable tointegrate problems

E - Ointegration timeouts



